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ABSTRACT: We present an analytic theory for the structure of intrinsically flexible polyelectrolyte chains
in solution at arbitrary concentrations, with or without added salt. We use a self-consistent approach
based on an idea suggested by generalized Debye-Hückel theory, namely, that the screening length from
polyions is wavevector-dependent, due to chain connectivity. At high wavevectors (short length scales),
only counterions contribute to screening, but at lower wavevectors, both polyions and counterions
contribute. The results of the theory are in quantitative agreement with molecular dynamics simulations,
with no adjustable parameters.

I. Introduction

Polyelectrolytes are long-chain molecules with ioniz-
able groups that can dissociate in solution, leaving ions
of one sign bound to the chain and counterions free in
solution. Because polyelectrolytes tend to be soluble in
highly polar solvents such as water, they are ubiquitous
in biological systems and are useful to environmentally-
benign polymer processing. In order to understand
important properties of polyelectrolyte solutions such
as viscoelasticity, however, it is first necessary to
understand chain structure, which controls key proper-
ties such as the number of entanglements among chains.
Chain structure is governed by the electrostatic interac-
tions among the chains and counterions; electrostatic
repulsion along a chain tends to stiffen it, and counte-
rions screen this repulsion. It is now fairly straight-
forward to estimate the electrostatic interaction between
a polyelectrolyte of known structure, such as a folded
protein, and its counterions, by solving the nonlinear
Poisson-Boltzmann equation numerically.1 However,
if the structure of the polyelectrolyte chain can adjust
in response to the electrostatic interactions, then one
must solve self-consistently for the structure and the
interactions. This is especially difficult because the
Coulomb interaction is long-ranged and can be either
attractive or repulsive, leading to competing interac-
tions, and so a variety of approaches have been sug-
gested.2

Previous theoretical work on chain structure in poly-
electrolyte solutions has focused on the structure of a
single, screened chain in solution,3-7 while experimental
work has necessarily studied polyelectrolyte solutions
at nonzero concentrations. To generalize single-chain
results to nonzero concentrations, two approaches have
been used. The first is scaling theory,8 which has
proven highly successful in describing neutral polymer
systems. Unfortunately, the applicability of scaling
theory to polyelectrolytes is severely limited by the
existence of additional important length scales such as
the Debye screening length, the Bjerrum length (the
distance at which the electrostatic energy is equal to
the thermal energy), the average separation of charges
along the chain, and the average separation of counte-

rions. The second approach to polyelectrolyte solutions
at nonzero concentrations, the “double screening” theory
of Muthukumar,9 is much closer in spirit to ours. This
approach is based on field theoretical calculations and
can, in principle, yield predictions for chain structure
in the nonasymptotic regime, relevant to simulations
and experiments, as well as in the asymptotic scaling
regime.
The crux of our approach lies in the nature of polyion

screening. One way of deriving Debye-Hückel theory
is to integrate over small fluctuations in the local
densities of ionic components. If the ions are point
particles, this approach leads to the standard Debye
screening length. If the ions are connected into chains,
however, this changes the correlations and affects the
fluctuations. Thus, chain connectivity causes the Debye
screening length to become wavevector-dependent: it
depends on the structure factor of the polymer.10 This
screened electrostatic interaction prefers the chain to
be a rigid rod. However, it costs free energy to stretch
the chain beyond its intrinsic persistence length. The
competition between the electrostatic free energy, which
depends on chain structure through the screening
length, and the stretching free energy, which also
depends on chain structure, leads to an optimal chain
structure. In this paper, we describe the interactions
between chains using a wavevector-dependent screening
length, and we calculate the electrostatic persistence
length self-consistently using a technique first intro-
duced by Edwards and Singh to describe the structure
of excluded volume chains at nonzero concentrations.11
Section II contains the derivation of a self-consistent
equation for the electrostatic persistence length for
arbitrary polyelectrolyte concentration. Finally, section
III applies the self-consistent equation to polyelectrolyte
solutions at nonzero concentrations. We obtain quan-
titative agreement with recent molecular dynamics
simulations by Stevens and Kremer12,13 and by Stevens
and Plimpton.14 In comparing our results to the mo-
lecular dynamics simulations, we use no adjustable
parameters.

II. Derivation of the Self-Consistent Equation
for the Electrostatic Persistence Length

A. The Random Phase Approximation: Debye-
Hu1ckel Theory Generalized to Polyions. We first
review the random phase approximation result of Borue
and Erukhimovich10 in order to justify the use of a
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wavevector-dependent screening length. We study a
simple model of a salt-free polyelectrolyte solution, in
which the ions are monovalent and the charge fraction
along the chain is denoted f. We assume that the charge
is distributed evenly along the length of the chain and
that the particles are otherwise non-interacting. There
are n- negatively-charged polymers made up of M
repeat units of length a and volume a3 and n+ positively-
charged counterions, also of size a and volume a3, in a
volume V. For simplicity, we will work in units where
a ) 1. The whole system is assumed to be neutral, so
n- fM ) n+. The microscopic dimensionless number
densities of the polyions and counterions are then

where rbi
-(s) is the position of the sth monomer and the

ith chain and rbi
+ is the position of the ith counterion.

Hence, the dimensionless charge and total monomer
densities are

The full, unscreened electrostatic interaction Hamilto-
nian is

where ε is the dielectric constant of the solvent, e is the
electronic charge and â ) 1/kBT. Finally, we include a
Hamiltonian, âHc, that describes the conformations that
individual polyion chains would have if they were
neutral. Thus, âHc describes the intrinsic structure of
the chain. This could correspond to a Gaussian chain,
wormlike chain, or rigid rod, etc. For now, we leave it
unspecified. Thus, the total Hamiltonian for the poly-
electrolyte system is

where the sum over n- represents the sum over all
chains. The free energy resulting from this Hamilto-
nian can be calculated within the random phase ap-
proximation (RPA). This approach assumes that the
fluctuations in the local charge densities F̂+(rb) and F̂-(rb)
are weak and can be integrated over within the Gauss-
ian approximation. The RPA result for the dimensional
Helmholtz free energy density,F ) Fa3/kBTV, expressed
in terms of the total average volume fraction φ ) F+

0 +
F-
0 , is

The first term in eq 5 represents the ideal gas entropy
of mixing of the polyions and the counterions, and the

second term contains the entropy of mixing of the
solvent molecules. The third term represents the
configurational free energy of the chains, where Q0 is
the partition function of a single chain. Finally, the
fourth term represents the one-loop electrostatic per-
turbation to the neutral system; the integral over k
represents the energy arising from screened Coulomb
interactions, where the inverse screening length κ(k)
depends on the wavevector:

Note that κ2(k) is proportional to a charge-weighted
average of the structure factors of the polyion, S(k) and
counterion, Sc(k) ) 1. When the polyion is replaced by
a point particle, then f ) 1 and S(k) ) 1. In that limit,
κ2(k) reduces to the well-known Debye-Hückel result
for the inverse squared screening length,

in terms of the Bjerrum length, lB ) âe2/4πε. Note that
we started with unscreened Coulomb interactions in the
Hamiltonian (see eqs 3 and 4). Evidently, the screening
arises from fluctuations in the charge densities F((kb),
which have been included at the Gaussian level. The
most important feature of eq 6, however, is that the
screening length is wavevector-dependent when the ions
have structure.10 This is physically reasonable: the
screening of the electrostatic interaction felt by ions on
a polymer should be affected by the shape of the polymer
chain. At high wavevectors k, the polyion structure
factor S(k) vanishes,15 so all the screening comes from
counterions. In other words, polyions do not screen
electrostatic interactions at very short length scales
because they cannot “wrap around” counterions to
screen them. Instead, polyions contribute to screening
only at longer length scales. Thus, both polyions and
counterions contribute to screening at small wavevectors
k.
We note that it is simple to generalize eq 6 to include

salt. If the screening due to salt alone is denoted as κs2
) 4πlBφs, where φs is the volume fraction of salt ions,
then the total wavevector-dependent screening is

B. Self-Consistent Calculation. The RPA result
in eq 5 represents an estimate of the free energy when
the structure of the polyion is known. However, the
structure is not known, and our goal is to calculate it.
In this paper, we will assume that the structure of the
chain is semiflexible and can be characterized by two
quantities: the average contour length and a persis-
tence length. This simplifying assumption has also been
adopted by Barrat and Joanny5 and Ha and Thirumalai6
to describe a single, intrinsically flexible polyelectrolyte
chain. However, Li and Witten7 claim that this as-
sumption leads to erroneous scaling behavior. We will
discuss this issue further in section III.
Given the assumption that the structure is character-

ized by a persistence length, one might be tempted to
minimize eq 5 with respect to persistence length to
determine the electrostatic persistence length. This is
wrong, however, because the RPA result for the free
energy is not variational. In other words, we cannot
show that the RPA free energy is higher than the true

F̂-(rb) ) ∑
i)1

n-∫0Mds δ(rb - rbi
-(s))

F̂+(rb) ) ∑
i)1

n+

δ(rb - rbi
+) (1)

F̂(rb) ) fF̂+(rb) - F̂-(rb)

φ̂(rb) ) F̂+(rb) + F̂-(rb) (2)

âHel ) ∫∫ drb drb′ âe2

4πε|rb - rb′| F̂(rb) F̂(rb′) (3)

H ) ∑
n-

Hc + Hel (4)

FRPA ) f + 1/M
1 + f

φ log φ + (1 - φ) log (1 - φ) -

φ

(1 + f)M
log Q0 + 1

2∫ d3k
(2π)3

log[1 +
κ
2(k)

k2 ] (5)

κ
2(k) ) κ0

2 f
1 + f

[fS(k) + 1] (6)

κ0
2 ) 4πlBφ (7)

κ
2(k) ) κ0

2 f
1 + f

[fS(k) +1] + κs
2 (8)
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free energy, so we may not minimize it to find the
preferred chain structure. Our aim is to calculate the
optimal chain structure in a way that retains the
beautiful physical result of wavevector-dependent screen-
ing. To do so, we have used a self-consistent method
introduced by Edwards and Singh11 to describe the
structure of excluded volume chains as a function of
polymer concentration in solution. This method has also
been used by Ha and Thirumalai6 to describe the
conformations of a single polyelectrolyte chain. The idea
is to approximate the mean-square end-end distance
of the system of interacting chains with an intrinsic
persistence length, l0, by the mean-square end-end
distance of a system of non-interacting chains with a
different, electrostatically-stiffened persistence length,
l. Thus, the first step in the calculation is to find the
Hamiltonians characterizing these two systems, and the
second step is to calculate the mean-square end-end
distance given these Hamiltonians.
1. Definition of Interacting and Trial Hamilto-

nians. Our first task is to construct the Hamiltonians
for two systems: a solution of interacting chains with
intrinsic persistence length l0 (described by the Hamil-
tonian H1 ) and a solution of non-interacting chains with
electrostatic persistence length l (described by the trial
Hamiltonian Ht). We will construct the trial Hamilto-
nian first.
Since the trial Hamiltonian describes a system of non-

interacting chains, it is simply the sum over chains of
a single-chain Hamiltonian Hc that describes a semi-
flexible chain with persistence length l:

where the sum over n- represents the sum over all
chains. We use a semiflexible chain Hamiltonian Hc(l)
that is an approximation to the true semiflexible chain,
or wormlike chain.16 If we define rb(s) as the position
vector of a segment of the chain as a function of the
contour variable s, where 0 e s e M, then the wormlike
chain obeys the constraint that the tangent vector ub(s)
≡ ∂rb/∂s has unit length |ub(s)|2 ) 1 for all s. This
describes a chain that is not extensible but can bend.
The constraint on the tangent vector makes it difficult
to solve for the structure factor of the chain. We
therefore follow the approach of Ha and Thirumalai6
and adopt the semiflexible chain Hamiltonian of Lagows-
ki, Noolandi, and Nickel17 (LNN), which only imposes
the constraint on average: 〈ub2(s)〉 ) 1. The Hamiltonian
is

This Hamiltonian yields a mean-square end-end dis-
tance

which is identical to the corresponding expression for a
wormlike chain.16
The system of interacting chains with intrinsic per-

sistence length l0 is described by the Hamiltonian

where Hc(l0) is given by eq 10 with l0 substituted for l.
The second term, Hint, is an interaction Hamiltonian
that describes the electrostatic interactions between
chains. We use the insight provided by the RPA free
energy to make an ansatz for the form of the interaction.
In terms of wavevector k, the screened Coulomb inter-
action for chains with charge fraction f with screening
length κ-1 is described by the Hamiltonian

where lB is the Bjerrum length and F̂(kb) is the Fourier
transform of the local charge density defined in eq 2.
According to the RPA result, however, the screening
length is wavevector-dependent. Thus the generaliza-
tion of eq 13 suggested by the RPA result is

where κ2(k) is given by eq 6 in the case of no added salt,
and by eq 8 in the case of added salt.18 Note from eqs
6 and 8 that the interaction Hamiltonian depends on
the single-chain structure factor through κ2(k). The
structure factor, in turn, depends on the persistence
length of the chains, and can be calculated given the
Hamiltonian Hc in eq 10. According to the RPA, the
appropriate persistence length would be the intrinsic
one, l0. We provide a more accurate estimate of the
interaction by using the electrostatic persistence length,
l, instead. This is an uncontrolled approximation, but
it improves substantially on the simple RPA result.
Thus our final ansatz for the Hamiltonian H1 of the fully
interacting system of charged chains and counterions
is given by eq 12 with Hc depending on l0 and Hint
depending on l.
In summary, the Hamiltonian for the system of

interacting chains with persistence length l0 is

and the trial Hamiltonian for the system of non-
interacting chains with persistence length l is

where Hc is given by eq 10 and Hint by eq 14.
2. Self-Consistent Calculation of 〈R2〉. Now that

we have constructed the two Hamiltonians in terms of
the electrostatic persistence length l, we can solve for l
self-consistently using the method of Edwards and
Singh.11 Given a Hamiltonian H, the mean-square
end-end distance is

We have set â ) 1 here. It is straightforward to
calculate 〈R2〉t, with H in eq 17 given by the trial
Hamiltonian Ht in eq 16, because the chains are non-
interacting. However, it is not possible to solve for 〈R2〉1

Ht ) ∑
n-

Hc(l) (9)

âHc(l) ) 3
4l[∫0Mds (∂rb∂s)2 + l2∫0Mds (∂2rb

∂s2)
2] +

3
4[(∂rb∂s)2|0 + (∂rb∂s)2|M] (10)

〈R2〉 ≡ 〈(rb(M) - rb(0))2〉 ) 2l2(Ml - 1 + e-M/l) (11)

H1 ) ∑
n-

Hc(l0) + Hint (12)

âHscr ) 4πlB f
2∫ d3kF̂(kB) F̂(-kB)

(2π)3(k2 + κ
2)

(13)

âHint) 4πlB f
2∫ d3kF̂(kB) F̂(-kB)

(2π)3(k2 + κ
2(k))

(14)

H1 ) ∑
n-

Hc(l0) + Hint (15)

Ht ) ∑
n-

Hc(l) (16)

〈(rb(s)M) - rb(s)0))2〉 ≡ 〈R2〉 ≡
∫DrbR2e-H

∫Drbe-H
(17)
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using the interacting Hamiltonian H1. Thus, one cannot
simply adjust l so that 〈R2〉t and 〈R2〉1 are identical.
However, one can calculate 〈R2〉1 as a perturbation series
around 〈R2〉t:

In the last step, the exponential e-(H1-Ht) is expanded
in a power series. Finally, the first-order term in the
correction ∆R2 is set to 0:

This is a self-consistent equation that can be solved for
l. It can be rewritten explicitly in terms of the param-
eters M, l0, and lB :

This is our final result. In the limit of zero concentra-
tion, all the screening comes from salt so κ2(k) ) κs

2 and
eq 20 becomes identical to eq 14(b) of Ha and Thiru-
malai.6 Thus, in the single-chain limit, our theory
reduces to theirs. Note that there is a typographical
sign error in the last term on the left-hand side of their
eq 14(b).
Our theory differs from the double screening theory

of Muthukumar9 in several respects. The double screen-
ing theory uses a variational approach, assumes that
the swelled chains can be modeled as Gaussian chains,
and includes excluded volume screening as well as
electrostatic screening. The screening from polyions is
not assumed to be wavevector-dependent in the form
of eq 6. In contrast, we use a self-consistent approach,
assume that the swelled chains can be modeled as
semiflexible chains, and ignore excluded volume screen-
ing; it is not necessary because electrostatic repulsion
generates an effective excluded volume interaction
between like ions that is included in our theory.6 This
can be seen from the following argument: consider two
points s and s′ along the chain that are separated by a
contour distance large compared to the screening length
κ-1. Because of electrostatic repulsion, the two points
will avoid each other. Thus, for |s′ - s| . κ-1, the
electrostatic repulsion acts like an excluded volume
interaction of size κ-1. This swells the chain and
changes the chain statistics. The effective excluded
volume interaction is longer in range than the true one
as long as κ-1 exceeds the monomer size. This condition
is always met except at very high concentrations.
Therefore, it is unnecessary to retain true excluded
volume interactions among chains.

III. Results
Our result in eq 20 allows calculation of the electro-

static persistence length for many-chain systems from

an analytic theory. Remarkably, our predictions are in
quantitative agreement with molecular dynamics simu-
lations by Stevens and Kremer13 and by Stevens and
Plimpton.13 In the comparisons that follow, there are
no adjustable parameters. The parameters that enter
into eq 20 are the intrinsic persistence length, l0, the
Bjerrum length, lB, and the index of polymerization,M.
These parameters are all specified within the molecular
dynamics simulations. Stevens and Kremer use a
freely-jointed, bead-chain polymer model with excluded
volume interactions between the beads, and between the
beads and counterions.13 The excluded volume interac-
tion parameter is σ ) 1/1.1 in units of the average bond
length, which is 1 in our units. Because the intrinsic
chain is a freely-jointed chain, the intrinsic persistence
length is half of the average bond length, l0 ) 0.5. The
simulations were carried out with a Bjerrum length of
lB ) 0.833σ ) 0.758. The volume fraction can be
expressed in terms of the number density F as φ )
2(π/6) Fσ3. With these parameters in hand, we can
directly compare our results to theirs as a function of
the index of polymerization,M, and volume fraction, φ.
Note that φ is the volume fraction of polyelectrolytes
and counterions. Thus, in a salt-free solution, the
volume fraction of solvent is 1 - φ. In a solution with
salt, the volume fraction of solvent is 1 - φ - φs.
The results of the comparison for salt-free solutions

are shown in Figure 1. We have plotted the end-end
distance R ≡ (〈R2〉)1/2 as a function of φ for three
different chain lengths,M ) 32,M ) 64, andM ) 128.
Our results are the curves (solid,M ) 32; dashed,M )
64; and dotted, M ) 128). The simulation results of
Stevens and Kremer13 are the points (squares,M ) 32;
circles,M ) 64; and triangles,M ) 128). It is clear from
the plot that our theoretical results are in excellent
agreement with the simulations, especially at higher
concentrations. The results in the dilute, single-chain
limit differ by roughly 20%.
The agreement between theory and simulation im-

proves with increasing concentration. This suggests
that the discrepancy in the single-chain limit may be
due to the crude nature of our semiflexible chain model.
Electrostatic repulsion gives rise to effective excluded
volume interactions that swell the chain in the dilute
limit and lead to a chain structure that is not well-

〈R2〉1 )
∫DrbR2e-H1

∫Drbe-H1
)
∫DrbR2e-Hte-(H1-Ht)

∫Drbe-Hte-(H1-Ht)
)

〈R2〉t + ∆R2 (18)

〈R2〉t 〈H1 - Ht〉t - 〈R2(H1 - Ht)〉t ) 0 (19)

1
2
M(1l0 - 1

l) + 1
4
M
l
e-M/l ( ll0 -

l0
l ) - 1

4(3 ll0 -
l0
l

- 2) ×
(1 - e-M/l) ) 1

18∫ d3k
(2π)3

4πlBf
2

k2 + κ
2(k)

k2 ∫0M ds ∫0M ds′ ×

[s′ - s - 2le-M/2l sinh s′-s
2l
×

coshM-s′-s
2l ]2 e-1/3k2l[|s′-s|-l(1-e-|s′-s|/l)] (20)

Figure 1. Effect of concentration on chain size in salt-free
solutions. We plot the end-end distance, R, as a function of
volume fraction, φ, for three different chain lengths, M. Our
results are the curves (M ) 32, solid; M ) 64,dashed; M )
128, dotted). The simulation results of Stevens and Kremer12
are the points (M ) 32, squares; M ) 64, circles; M ) 128,
triangles). There are no adjustable parameters in our theory.
Note that the agreement is excellent, especially at higher
concentrations.
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approximated by a semiflexible chain with a single
persistence length. Instead, the chain is better de-
scribed by a scale-dependent persistence length, as
discussed by Li and Witten.7 As the concentration
increases, however, the effective excluded volume in-
teraction is screened and the polyion structure is better
approximated by a semiflexible chain. Another less
important reason for the discrepancy between our
results and those of Stevens and Kremer lies in our
treatment of the counterions. We assume that the only
effect of the counterions is to give a contribution to the
screening length κ2(k) (see the last term in eq 6). This
is known as the Debye-Hückel approximation for
counterions. Simulations by Stevens and Kremer20
show that this approximation works extremely well at
higher concentrations. In the dilute limit, however, they
find that the Debye-Hückel approximation for counte-
rions yields values of R that are too high by 3-4%.
Thus, this approximation is a contributing factor to our
high estimate.
Stevens and Kremer13 found that polyelectrolyte

chains contract at volume fractions far below the overlap
concentration, φ*. The overlap concentration defines
the point where the volume fraction of spheres of
diameter R(φ) reaches the random close packing volume
fraction of 0.64. Our calculated values of φ* for M )
32, M ) 64, and M ) 128 are shown as the circles in
Figure 2. The corresponding values for the simulation
data are almost identical, since the theory and simula-
tion are in nearly perfect agreement at these volume
fractions. Note that our theory yields chain contraction
at concentrations that are 2 orders of magnitude below
φ*, in agreement with the simulations. This contradicts
earlier theories based on scaling considerations,21-23

which predict that the chains remain rodlike up to φ*.
From eq 20, we see that the reason for chain contraction
at concentrations below φ* is that screening occurs on
scales smaller than the chain size R. If we approximate
the screening by the screening length due to counteri-
ons, given by the Debye-Hückel expression, κc-1 )
1/(4πlBφc)1/2, then chain contraction should occur when
the screening length, κc-1, becomes smaller than the
chain size, R. In Figure 2, we plot κc-1 (heavy dashed)
as a function of φ. We also show R for M ) 32 (solid),

M ) 64 (dashed), and M ) 128 (dotted). The points
where κc are marked by solid squares for each M. As
expected, the onset of chain contraction is reasonably
close to the squares, for all three chain lengths.
The wavevector dependence of the screening length

turns out to be quite important. We explore the effect
of wavevector dependence by replacing the wavevector-
dependent screening, κ2(k), by its high k and low k
limits. In Figure 3, we have plotted R as a function of
φ for M ) 64. The points are the results of the
molecular dynamics simulations,13 and the solid curve
is the result of our full wavevector-dependent calcula-
tion (see eq 6). The results of replacing κ2(k) by its high
k limit, where only counterions contribute to the screen-
ing, are shown in the dashed curve. This is a common
approximation used in describing polyelectrolytes, but
it clearly overestimates the electrostatic repulsion,
which tends to swell the chain. This is not surprising,
because polyion screening has been neglected. Another
possible approximation is to use the low k limit of κ2(k).
The results of this approximation are shown as the
dotted curve in Figure 3; this evidently overestimates
the amount of screening. Thus, Figure 3 demonstrates
that using either the high k or low k limit of κ2(k) is
insufficient; the agreement between theory and simula-
tions at higher φ relies on using wavevector-dependent
screening. In other words, chain connectivity strongly
affects the nature of electrostatic screening. This makes
intuitive sense, but it implies that scaling theories are
inadequate for describing behavior at higher φ because
the interactions cannot be characterized by a single
screening length.
The effect of added salt can also be studied for

solutions at arbitrary concentrations. Here, we compare
our results to recent molecular dynamics simulation
results obtained by Stevens and Plimpton.14 The simu-
lations were carried out on the same bead-spring model
as described above, with the same parameters (l0 ) 0.5,
lB ) 0.758). In all cases, the volume fraction of poly-
electrolyte (including counterions) is held fixed at φ )
1.05 × 10-3. The volume fraction of salt, φs, is then
varied. The comparison is shown in Figure 4, where
we have plotted R as a function of the screening length
due to salt alone, κs-1 ) 1/(4πlBφs)1/2. There are simula-

Figure 2. Onset of chain contraction with increasing volume
fraction in salt-free solutions. The end-end distance, R, is
again plotted as a function of φ for M ) 32 (solid), M ) 64
(dashed), and M ) 128 (dotted). In addition, the overlap
volume fraction, φ*, is shown for each chain length as a solid
circle. Finally, the screening length due to counterions, κc-1,
is shown as a heavy dashed line. The points where kc ) R are
labeled as solid squares. Note that chain contraction occurs
at the squares for each of the three chain lengths, at volume
fractions almost two orders of magnitude smaller than φ*.

Figure 3. Importance of wavevector-dependent screening in
salt-free solutions. The end-end distance R is plotted as a
function of φ for M ) 64, using three different models. The
first model (solid) assumes that the screening length is
wavevector-dependent as in eq 6. The second model (dashed)
assumes that κ is given by the high wavevector limit of eq 6;
screening is due to counterions alone. The third model (dotted)
assumes that κ is given by the low wavevector limit of eq 6.
The first model agrees significantly better with the simulation
data (circles) of Stevens and Kremer.12
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tion results for two different chain lengths, M ) 32
(squares) and M ) 64 (circles). Our results are also
shown for M ) 32 (solid) and M ) 64 (dashed). The
agreement is quite good; the discrepancy is again
around 20%. In our calculations, we assume that the
salt contributes only through the Debye screening
length κs2, and that the screening due to salt and to
counterions and polyions is additive: see eq 8. The
excellent agreement between our theory and the simu-
lations implies that these are good approximations. The
two sets of results show the same qualitative behavior:
as the chain length increases, the chain swells more
rapidly as the screening length κs-1 increases. This is
not surprising, since longer chains swell more due to
electrostatic repulsion in the salt-free limit. Note that
salt does not have an appreciable effect on the chain
radius until the screening length is fairly short, near
κs

-1 ≈ 5. This corresponds to a concentration of φs ≈ 4
× 10-3, comparable to the volume fraction of polyelec-
trolyte, φ ) 1.05 × 10-3. In other words, salt does not
affect the chain radius until the volume fraction of salt
exceeds the volume fraction of polyelectrolyte.
We have tried without success to scale the curves

shown in Figure 4 for different values of M and φ. For
example, we have tried collapsing the data by plotting
R/R0 as a function of (φs/φ)1/2, where R0 is the size of
the chain at the same φ in the absence of salt (the large
screening length limit of the curves shown in Figure 4).
This scaling is not ruled out by Stevens and Plimpton’s
data,14 but is definitely inconsistent with our results.
There is another scaling that is possibly consistent with
the molecular dynamics simulations,24 namely, R/R0 vs
(ns/np)1/2, where ns is the number density of salt ions
and np is the number density of polymer chains, but this
scaling is also ruled out by our results. The fact that
we have failed to find a way to collapse the data is not
surprising, given that the screening due to polyions
cannot be described by a single length scale.
In summary, we find that interactions between poly-

electrolyte chains can be modeled successfully by a
wavevector-dependent screening length. This physically

reasonable ansatz leads to results in quantitative agree-
ment with molecular dynamics simulations for salt-free
polyelectrolyte solutions, by Stevens and Kremer,13 and
for salt-containing polyelectrolyte solutions, by Stevens
and Plimpton.14 In the dilute, single-chain limit, our
theory yields estimates for the chain size R that are
too large by roughly 20%. We believe that the discrep-
ancy is mostly due to the crude nature of the semiflex-
ible model, which is a poor description of a swelled
excluded-volume chain. We are now refining the ap-
proach to allow for a scale-dependent persistence length.
At higher volume fractions, however, where the chain
is well-approximated by a semiflexible model with a
single persistence length, the agreement with simula-
tions is nearly perfect. This is an important first step
toward closing the gap between theory, which has
previously concentrated on the single-chain limit, and
experiments, which always operate at nonzero concen-
trations.
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Figure 4. Dependence of chain size on added salt. The end-
end distance, R, is plotted as a function of the Debye screening
length due to salt, κs-1, at a fixed volume fraction of polyelec-
trolyte, φ ) 1.05 × 10-3. Our results are the curves for M )
32 (solid) and M ) 64 (dashed). The results of simulations by
Stevens and Plimpton13 are the points for M ) 32 (squares)
and M ) 64 (circles). There are no adjustable parameters in
our theory, and the agreement is excellent.
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